Introduction
Let G be a finite p-group and N be non-trivial proper normal subgroup. Then ðG; NÞ is called a Camina pair if xN J x G for all x A G À N, where x G denotes the conjugacy class of x in G. It follows that ðG; NÞ is a Camina pair if and only if N J ½x; G for all x A G À N, where ½x; G ¼ f½x; g j g A Gg. Let AutðGÞ denote the automorphism group of G. In this note we prove the following theorem:
Theorem A. Let G be a finite p-group such that ðG; ZðGÞÞ is a Camina pair. Then jGj divides jAutðGÞj.
HomðH; KÞ. We write hxi for the cyclic subgroup of G generated by a given element x A G. To indicate that H is a subset or a subgroup of G we write H J G or H c G respectively; to indicate, in addition, that H is properly contained in G, we write H H G or H < G respectively. If x; y A G, then x y denotes the conjugate y À1 xy A G and ½x; y denotes the commutator
w with w A G, and ½x; G denotes the set of all ½x; w with w A G. For x A G, C H ðxÞ denotes the centralizer of x in H, where H c G. The center of G will be denoted by ZðGÞ. The Frattini subgroup of G is denoted by FðGÞ.
Let M and N be normal subgroups of G. We write Aut N ðGÞ to denote the subgroup of AutðGÞ consisting of all automorphisms which centralize G=N and Aut M ðGÞ to denote the subgroup of AutðGÞ consisting of all automorphisms which centralize M. We denote Aut N ðGÞ V Aut M ðGÞ by Aut N M ðGÞ. We write the subgroups in the lower central series of G as g n ðGÞ, where n runs over all strictly positive integers, and we write the subgroups in the upper central series of G as Z n ðGÞ, where n runs over all non-negative integers. We shall use the commutator identities ½x; yz ¼ ½x; z½x; y z ¼ ½x; z½x; y½x; y; z and ½xy; z ¼ ½x; z y ½y; z ¼ ½x; z½x; z; y½ y; z without further reference.
Remark 1.1. Since the conjecture holds for all groups of nilpotency class at most 2, we consider only groups of class at least 3.
Preliminary results
We start with some results of I. D. Macdonald [13] . Then (i) ðG; g 3 ðGÞÞ is a Camina pair, and (ii) d ¼ 2t and t is even.
The proof of the following lemma is due to the referee. The following lemma is an easy exercise.
Lemma 2.5. Let G be a finite nilpotent group with nilpotency class c and N be a normal subgroup of G such that N < ZðGÞ. Let ZðG=NÞ ¼ ZðGÞ=N.
. . . ; c.
Groups G such that (G, Z(G )) is a Camina pair
Let G be a finite p-group and N be a non-trivial proper normal subgroup of G such that ðG; NÞ is a Camina pair. Let H be a normal subgroup of G such that H < N.
Then it is easy to prove that ðG=H; N=HÞ is a Camina pair. Proof. Assume for the moment that our theorem is true for all groups G such that jZðGÞj ¼ p. Now let G be any group as given in the statement of the theorem, and jZðGÞj d p 2 . Let N be a maximal subgroup of ZðGÞ. Since N < ZðGÞ, it follows that ðG=N; ZðGÞ=NÞ is a Camina pair. Then it follows from Lemma 2.1 that ZðG=NÞ c ZðGÞ=N. That ZðGÞ=N c ZðG=NÞ is obvious. Thus we get ZðG=NÞ ¼ ZðGÞ=N and therefore ðG=N; ZðG=NÞÞ is a Camina pair. Since jZðG=NÞj ¼ jZðGÞ=Nj ¼ p, it follows from our assumption that the theorem holds for G=N. Thus G=N satisfies one of the two conclusions (i) and (ii) of the theorem.
First suppose that G=N satisfies (i). Then it has a maximal subgroup M such that ZðMÞ ¼ ZðG=NÞ. Let p be the natural projection from G onto G=N. 
Hence it follows that the theorem holds for arbitrary finite p-groups G if it holds when ZðGÞ has order p. So from now on we assume that jZðGÞj ¼ p. If G has a maximal subgroup M such that ZðMÞ ¼ ZðGÞ, then we are done. Thus we may assume that there exists no maximal subgroup M of G such that ZðMÞ ¼ ZðGÞ. That the group Z 2 ðGÞ=ZðGÞ is an elementary abelian subgroup of G=ZðGÞ follows from Theorem 2.2. This fact will be used towards the end of the proof.
Let M be a maximal subgroup of G and x A G such that G ¼ Mhxi. Notice that ZðGÞ ¼ ½y; G ¼ h½ y; xi. Since ½z; x, ½y; x lie in ½z; G ¼ ZðGÞ and jZðGÞj ¼ p, it follows that ½z; x ¼ ½y; x i ¼ ½y i ; x for some i with 1 c i < p. Thus Example 4.5. Let G be a finite Camina p-group. It is well known [3] that the nilpotency class of Camina p-groups is at most 3. Then it follows from Theorem 2.3 that for all Camina p-groups G of class 3, ðG; ZðGÞÞ is a Camina pair. Examples of Camina p-groups of class 3 can be found in [3] and [13] .
